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We theoretically propose and investigate a feasible experimental scheme for the realization of the dynamical
Casimir effect (DCE) in a hybrid optomechanical cavity with a moving end mirror containing an interacting
cigar-shaped Bose-Einstein condensate (BEC). We show that in the red-detuned regime of cavity optomechan-
ics together with the weak optomechanical coupling limit by coherent modulation of the s-wave scattering
frequency of the BEC and the mechanical spring coefficient of the mechanical oscillator (MO), the mechanical
and atomic quantum vacuum fluctuations are parametrically amplified, which consequently lead to the genera-
tion of the mechanical/Bogoliubov-type Casimir phonons. Interestingly, in the coherent regime corresponding
to the case of largely different optomechanical coupling strengths of the cavity field to the BEC and the MO,
or equivalently largely different cooperativities, one can generate a large number of Casimir photons due to the
amplification of the intracavity vacuum fluctuations induced by the time modulations of the BEC and the MO.
The number of generated Casimir particles are externally controllable by the cooperativities, and the modulation
amplitudes of the atomic collisions rate and the mechanical spring coefficient.
I. INTRODUCTION
One of the most distinctive features of the quantum field
theory is the existence of quantum vacuum fluctuations that
have no counterpart in the classical physics. Generation of
real particles out of the quantum vacuum fluctuations, or dy-
namical vacuum amplification, is one of the manifestations
of such fluctuations on the macroscopic level. Examples of
the quantum vacuum amplification phenomenon include the
Schwinger effect [1], which is the electron-positron pair pro-
duction from the vacuum under the action of strong electric
fields; Hawking radiation [2], which results from a vacuum in-
stability of quantum fields at a black-hole horizon; the Unruh
effect [3], which predicts that an accelerating observer trav-
eling through the Minkowski vacuum will observe a thermal
spectrum of particle excitations; and the dynamical Casimir
effect (DCE) which concerns the generation of real particles
(conventionally creation of photons) out of the quantum vac-
uum [4–6] when the boundary conditions of the field are var-
ied at a fast-enough rate[7–10].
In spite of the static Casimir effect which results from a
mismatch of vacuum modes in the space domain, the DCE
arises from a mismatch of vacuum modes in the time domain.
The DCE can be explained qualitatively as a particular kind of
the parametric amplification of quantum vacuum fluctuations
in systems with time-dependent parameters leading to pho-
ton generation. In addition to the theoretical investigations on
the issue of particle generation via the DCE in a large variety
of systems, ranging from cosmology to non-stationary cavity
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QED [11], various theoretical schemes for practical applica-
tions of the DCE have been suggested, including generation
of photons with nonclassical properties [12–14], generation
of atomic squeezed sates [15], generation of multipartite en-
tanglement in cavity networks [16], and generation of EPR
quantum steering and Gaussian interferometric power [17].
Most of the schemes proposed until now to realize the DCE
can be roughly separated into two categories: (a) the schemes
based on the real mechanical motion of boundaries, e.g., mir-
rors of a cavity, a mechanism referred to as motion-induced
DCE (MIDCE) in the literature [18]; and (b) the schemes
based on the parametric amplification of vacuum fluctuations
in media without moving boundaries, a process which is a
kind of imitation of boundary motion and known as paramet-
ric DCE (PDCE) [19].
From the experimental point of view, in order to generate a
measurable flux of real photons from vacuum, the real moving
boundaries should oscillate at very high frequencies. Indeed,
the resonance condition for realization of the MIDCE requires
the mechanical frequency to be at least twice that of the cav-
ity which still remains a serious problem. Recently a high
mechanical frequency as large as ωm/2pi ∼ 6GHz has been
reported [20]. However, for the generation of Casimir radia-
tion at the frequency of about ωc/2pi = 5GHz a still higher
mechanical frequency is needed. Consequently, alternative
schemes based on imitation of boundary motions (PDCE)
have been proposed. Some examples include periodic mod-
ulation of the optical properties of the boundary [21–23] or
of the optical path length of a cavity [24–26], and enhancing
Casimir photon generation in a cavity within the driven Rabi
model of the qubit-field interaction with a time-dependent
modulation [27]. Some other experimental schemes aiming
to observe the DCE can be found in [21, 28, 29]. Recently,
the DCE has been realized experimentally in superconduct-
ing circuit QED through fast-modulating either the electrical
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2boundary condition of a transmission line [30] or the effective
speed of light in a Josephson metamaterial [31].
Besides, the MIDCE or PDCE proposals include analog
models for generation of other particles than photons mostly
in the physical systems including Bose-Einstein condensates
(BECs). For example, the DCE of phonons in a time mod-
ulated atomic BEC [32, 33], dynamical Casimir emission
of Bogoliubov excitations in an exciton-polariton condensate
suddenly generated by an ultrashort laser pulse [34], phononic
DCE in a time-modulated quantum fluid of light [35], DCE
of magnon excitation in a spinor BEC driven by a time-
dependent magnetic field [36], and the DCE of phonons in
a gas of laser-cooled atoms with time-dependent effective
charge [37] have been studied.
Over the past decade, we have witnessed remarkable and
rapid progress in the field of cavity quantum optomechanics
and it is currently subject to intense research investigations
(for a recent review, see, e.g., [38]). Optomechanical sys-
tems in which the electromagnetic radiation pressure is lin-
early or quadratically coupled to a mechanical oscillator (MO)
have been widely employed in a large variety of applications;
for example displacement and force sensing [39–45], ground-
state cooling of the vibrational modes of an MO [46–50],
generation of entanglement [51–53], synchronization of MOs
[54–59] and generation of nonclassical states of the mechani-
cal and optical modes [60, 61]. Furthermore, hybrid optome-
chanical systems consisting of atomic BECs have attracted
considerable attention on studies such as nonlinear effects of
atomic collisions on the optomechanical properties of a BEC
trapped inside an optical cavity [62], control of optical bista-
bility, cooling and entanglement using nonlinear atom-atom
interaction [63], effects of the phase noise of the driving laser
on the bipartire entanglement in a BEC-hybridized optome-
chanical cavity [64], and also the effects of intrinsic cross-Kerr
nonlinearity of an atomic BEC inside an optical cavity on the
steady-state behavior of the system [65].
Nevertheless to our knowledge, there are only few recent
investigations regarding the occurrence of DCE in optome-
chanical systems. Among them, we can mention Ref. [66] as
an MIDCE proposal in which it has been shown that a consid-
erable number of photons can be generated out of the vacuum
for mechanical frequencies equal to or lower than the cavity-
mode frequencies in the strong coupling regime without any
time-dependent modulation. However, it is hardly achiev-
able in the current technologies and it seems still to be far
fetch. Furthermore, two theoretical schemes have been pro-
posed to realize the PDCE in cavity optomechanical systems
in which the quantum vacuum is parametrically amplified by
using external modulation techniques: the scheme of realiz-
ing the DCE in a non-stationary quantum well-assisted hybrid
optomechanical cavity driven by an amplitude-modulated ex-
ternal laser pump [67], and the scheme for the realization of
the DCE of phonon excitation in the so-called membrane-in-
the-middle optomechanical system [68] which is pumped by a
far-detuned driving classical laser and also is precooled down
to almost the ground state by an auxiliary cavity mode [69].
Motivated by the above-mentioned interesting features of
hybrid optomechanical systems in the field of DCE, in this
paper we propose a theoretical scheme for controllable gener-
ation of the Casimir photons and phonons in an optomechani-
cal cavity with a moving end mirror containing an interacting
cigar-shaped BEC. Here, to achieve parametric amplification
of quantum vacuum fluctuations, we consider an external time
modulation on the spring coefficient of the MO which will be
shown to be directly responsible for the amplification of the
mechanical vacuum fluctuations of the MO, and indirectly re-
sponsible for the amplification of the atomic vacuum fluctua-
tions of the BEC. In addition, by considering the time modula-
tion of the two-body atomic collisions frequency we will show
that it not only causes directly the amplification of the atomic
vacuum fluctuations, but also indirectly induces the amplifica-
tion of the mechanical vacuum fluctuations of the MO. These
two types of modulations can lead to the controllable genera-
tion of the mechanical- and Bogoliubov-type Casimir phonons
in the steady-state. Moreover, in the regime of largely differ-
ent optomechanical coupling strengths of the cavity field to
the BEC and the MO corresponding to the coherent regime a
considerable number of Casimir photons can be generated due
to the induced amplification of quantum vacuum fluctuations
when the cavity is driven by a red-detuned laser. Furthermore,
by analyzing the quantum Langevin equations (QLEs) in the
Fourier space, we identify an induced frequency-dependent
amplification coefficient which is analogous to the frequency-
dependent amplitude in an optical parametric amplifier (OPA)
and also is controllable via the parameters of the external
modulations as well as cooprativities.
The paper is organized as follows. In Sec. II, we describe
the physical model of the system under consideration and il-
lustrate the modulation scenarios together with their corre-
sponding parametric amplification-type Hamiltonians. In Sec.
III, the QLEs are derived and linearized around the semiclas-
sical steady state, and in Sec. IV by solving the QLEs in the
frequency space we find the self-energies and induced para-
metric amplifications of the photonic and phononic quantum
vacuum fluctuations. In Sec. V, we determined the steady-
state mean number of generated Casimir photons and phonons
in different regimes by solving the Lyapunov equation numer-
ically. Finally, our conclusions and outlooks are summarized
in Sec. VI.
II. THEORETICAL DESCRIPTION OF THE SYSTEM
As shown in Fig. (1), we consider a driven hybrid optome-
chanical cavity with lenghth L whose end mirror is free to
oscillate at mechanical frequency ωm .The cavity contains a
cigar-shaped BEC of N ultracold two-level atoms with mass
ma and transition frequency ωa. The cavity is driven at rate
EL =
√
κPL/~ωL through the fixed mirror by a laser with fre-
quency ωL and wavenumber k0 = ωL/c (PL is the laser power
and κ is the cavity decay rate). The total many-body Hamilto-
nian of the system is given by
Hˆ = Hˆcav + Hˆm + Hˆopt + Hˆmod + HˆBEC . (1)
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FIG. 1. (Color online) Schematic diagram of a BEC-hybridized
driven optomechanical cavity with a movable end mirror whose
spring coefficient, k(t), is modulated parametrically. It is also as-
sumed that the two-body s-wave scattering frequency of atomic col-
lision, ωsw(t), is parametrically modulated. Both the moving mirror
and the BEC interact with the single mode of the cavity in the red-
detuned regime, although there is no direct interaction between the
BEC and the mirror. The coherent modulations lead to the genera-
tion of Casimir photons and phonons which are controllable via the
optomechanical and modulation parameters.
The first three terms in Eq. (1) describe, respectively, the
driven cavity field, the free mechanical resonator, and the op-
tomechanical interaction which in the frame rotating at the
driving laser frequency ωL can be written as
Hˆcav = ~∆caˆ†aˆ + i~EL(aˆ† − aˆ), (2a)
Hˆm =
pˆ2
2m
+
1
2
mω2mx
2 = ~ωmbˆ†bˆ, (2b)
Hˆopt = −~g0aˆ†aˆ(bˆ + bˆ†), (2c)
where aˆ (bˆ) is the annihilation operator of the cavity (mechan-
ical) mode and ∆c = ωc − ωL is the detuning of the cavity
mode from the driving laser frequency. Here, we have mod-
eled the mirror as a single-mode MO of intrinsic frequency
ωm, effective mass m, and damping rate γm. The canonical
position and momentum of the MO are xˆ = xzp(bˆ + bˆ†) and
pˆ = ~(bˆ− bˆ†)/2ixzp, respectively, with xzp =
√
~/2mωm being
the zero-point position fluctuation. g0 = xzpωc/L stands for
the single-photon optomechanical coupling. The single-mode
approximation for the mechanical and optical fields is an ap-
propriate simplification provided that the cavity free spectral
range is much larger than the mechanical frequency [70] and
the detection bandwidth is chosen such that it includes only
a single isolated mechanical resonance and mode-mode cou-
pling is negligible [71]. The last two terms in Eq. (1) describe,
respectively, the time modulation of the spring coefficient of
the MO and the Hamiltonian of the atomic BEC whose ex-
plicit forms will be determined in the following.
A. Modulation of the mechanical spring coefficient
We assume that the MO is parametrically driven by modu-
lating its spring coefficient at twice its natural frequency, i.e.,
k(t) = k + δk cos(2ωmt + ϕm) (ϕm being the phase of exter-
nal modulation) which is equivalent to the modulation of the
mechanical frequency [ see Fig. (1)]. In this way, the Hamil-
tonian of the MO can be written as [72]
Hˆm(t) =
pˆ2
2m
+
1
2
k(t)x2 = Hˆm + Hˆmod, (3)
where
Hˆmod(t) =
1
2
δk cos(2ωmt)x2. (4)
Now, using the rotating wave approximation (RWA) over time
scales longer than ω−1m to ignore the fast rotating term in the
shifted frequency of the MO, i.e., the term proportional to
cos(2ωmt)bˆ†bˆ, the Hamiltonian of Eq. (4) can be simplified
as
Hˆmod(t) =
i~
2
(λmbˆ†2e−2iωmt − λ∗mbˆ2e2iωmt), (5)
where λm = |λm|eiϕm with |λm| = δkx2zp/2~. The Hamilto-
nian of Eq. (5) describes the mechanical phonon analog of the
degenerate parametric amplification (DPA) where the vibra-
tional fluctuation of the MO plays the role of the signal mode
in the DPA. Accordingly, it is expected that the coherent mod-
ulation of the mechanical spring coefficient or mechanical fre-
quency leads to the amplification of quantum vacuum fluctua-
tions of the MO, i.e., dynamical Casimir emission of mechan-
ical phonons (mechanical-type Casimir phonons). Note that
by fixing the phase of modulation ϕm, it is always possible to
take λm as a real number.
B. Second quantized Hamiltonian of the BEC
We now assume N ultracold two-level atoms of the BEC
to be confined in a cylindrically symmetric optical trap with a
transverse trapping frequency ω⊥ and negligible longitudinal
confinement frequency ω‖ along the axis of the cavity (x axis).
Therefore, we can describe the dynamics within an effective
one-dimensional model by quantizing the atomic motional de-
gree of freedom along the x axis only.
In the dispersive regime of atom-field interaction where the
laser pump is far-detuned from the atomic resonance (∆a =
ωa − ωL  Γa where Γa is the atomic linewidth), the excited
electronic state of the atoms can be adiabatically eliminated
and spontaneous emission can be neglected [73]. The many-
body Hamiltonian of the BEC can be written as
HˆBEC =
∫ L/2
−L/2
dxψˆ†(x)Hˆ0ψˆ(x) + Hˆs, (6)
in which
Hˆ0 =
−~2
2ma
d2
dx2
+ ~U0 cos2(k0x)aˆ†aˆ + V‖ext(x), (7a)
Hˆs =
1
2
Us
∫ L/2
−L/2
dxψˆ†(x)ψˆ†(x)ψˆ(x)ψˆ(x), (7b)
where ψˆ(x) is the annihilation operator of the atomic field,
U0 = −g2a/∆a is the optical lattice barrier height per photon
which represents the atomic backaction on the field in the dis-
persive regime, ga is the vacuum Rabi frequency or atom-field
4coupling constant, Us = 4pi~2as/ma, and as is the two-body
s-wave scattering length [73, 74].
In Eq. 7(a), the longitudinal trapping potential V‖ext(x) =
maω2‖ x
2/2 can be approximately ignored. In an effective one-
dimensional model this approximation is valid as long as
ω⊥  ω‖ so that the periodic potential of the optical lat-
tice in the longitudinal direction is only slightly modified by
V‖ext(x). Additionally, the energy arising from the atom-atom
interaction has to be smaller than the energy splitting of the
transverse vibrational states ~ω⊥ which implies that the linear
density of the condensate is smaller than 1/2as [75, 76].
In the weakly interacting regime, i.e., U0〈aˆ†aˆ〉 ≤ 10ωR
where ωR = ~k20/2ma is the recoil frequency of the conden-
sate atoms, one can restrict the atomic field operator ψˆ(x) to
the first two symmetric momentum side modes with momenta
±2~k0 which are excited by the atom-light interaction [77]. In
this manner, because of the parity conservation and consider-
ing the Bogoliubov approximation [78], the atomic field oper-
ator can be expanded as the following single-mode quantum
field:
ψˆ(x) =
√
N/L + φ2(x)dˆ, (8)
where φ2(x) =
√
2/L cos(2k0x) and the Bogoliubov mode dˆ
corresponds to the quantum fluctuations of the atomic field
around the classical condensate mode
√
N/L. In this ex-
pansion we have not only neglected terms proportional to
cos(2mk0x) with m ≥ 2 but also the terms with nonzero quasi-
momenta [62]. Based on the numerical results obtained from
[76] even the transition probability to the state with m = 2 is
very low. As has been shown in Refs. [79, 80], the scattering
to these extra modes due to the atom-atom interaction, or in-
teraction with V‖ext(x), can be simulated as a damping process
and may be incorporated into the noise that affects the matter
field.
In the case that the system does not have parity symmetry,
for example, when the BEC is trapped inside a ring cavity,
one should also consider sine modes which in our model have
been set aside [81, 82]. By substituting the atomic field op-
erator, Eq. (8), into the Hamiltonian of Eq. (6), we arrive
at the following form for the Hamiltonian of the atomic BEC
subsystem
HˆBEC =~δ0aˆ†aˆ+~ωddˆ†dˆ+~G0aˆ†aˆ(dˆ + dˆ†)+Hˆsw+ HˆCK , (9)
Hˆsw = ~
ωsw
4
(dˆ2 + dˆ†2), (10)
HˆCK = ~ηaˆ†aˆdˆ†dˆ, (11)
where δ0 = NU0/2, ωd = 4ωR +ωsw is the effective frequency
of the Bogoliubov mode in the atomic BEC, G0 =
√
2NU0/4
is the strength of an optomechanical-like coupling between
the Bogoliubov mode of the BEC and the intracavity field,
ωsw = 8pi~Nas/(maLw2) is the s-wave scattering frequency of
atom-atom interaction ( with w being the waist radius of the
optical mode), and η = U0/2 is the cross-Kerr (CK) coeffi-
cient.
The first term in Eq. (9) leads to a shift of the cavity de-
tuning in Eq. 2(a), i.e., ∆c → ∆0 = ∆c + NU0/2 which can
be interpreted as an effective Stark-shifted detuning. The sec-
ond term describes the energy of the Bogoliubov mode dˆ. The
third term is an optomechanical-like interaction which corre-
sponds to the linear radiation pressure coupling of the Bogoli-
ubov mode and the optical field. In this manner, the Bogoli-
ubov mode plays the role of another MO. The fourth term is
the atom-atom interaction energy which plays the role of the
atomic parametric amplifier and is responsible for the gener-
ation of atomic squeezed state. The last term denotes the CK
nonlinear coupling between the intracavity field and the Bo-
goliubov mode. As has been shown in Ref. [65], in the case
of η/G0  1 the effect of this term is negligible. Therefore,
we will ignore the CK term in our calculations.
C. Modulation of the atomic collisions
Here, we consider a time modulation of the atomic colli-
sions at twice of the Bogoliubov mode of the BEC, i.e., we
assume ωsw(t) = ωsw
(
1 + ε cos(2ωdt + ϕd)
)
where ε and ϕd
denote, respectively, the amplitude and the phase of modula-
tion. It can be realized by the time modulation of the scatter-
ing length as via the modulation of the electromagnetic trap,
or the modulation of the density of the BEC by changing the
trap stiffness via the intensity modulation of the pump laser,
thereby modulating the speed of sound [33]. Applying the
RWA on the Hamiltonian (10) one can find
Hˆsw(t) ≈ i~2 (λddˆ
†2e−2iωd t − λ∗ddˆ2e2iωd t), (12)
where λd = −iεωswe−iϕd/4 can be taken real by fixing the
phase ϕd . As can be seen, the Hamiltonian (12) describes
a Bogoliubov phonon analog of the DPA where the quantum
fluctuation of the Bogoliubov mode plays the role of the sig-
nal mode in the DPA. It means that the coherent modulation of
the frequency of the atomic collisions leads to the amplifica-
tion of quantum vacuum fluctuations of the Bogoliubov mode,
i.e., the dynamical Casimir emission of Bogoliubov phonons
(Bogoliubov-type Casimir phonons).
III. SYSTEM DYNAMICS
Based on the above considerations, one can rewrite the total
Hamiltonian of the system in the frame rotating at the driving
laser frequency (ωL) as follows:
Hˆtot = ~∆0aˆ†aˆ + ~ωmbˆ†bˆ + ~ωddˆ†dˆ + i~EL(aˆ† − aˆ)
−~g0aˆ†aˆ(bˆ + bˆ†) + ~G0aˆ†aˆ(dˆ + dˆ†)
+i
~
2
(λmbˆ†2e−2iωmt + λ∗mbˆ
2e2iωmt)
+i
~
2
(λddˆ†2e−2iωd t − λ∗ddˆ2e2iωd t). (13)
The corresponding QLEs can be written as
˙ˆa=−(i∆0+ κ2)aˆ+ig0(bˆ+bˆ
†)aˆ−iG0(dˆ+dˆ†)aˆ+EL+
√
κaˆin, (14a)
˙ˆb=−(iωm + γm2 )bˆ + ig0aˆ
†aˆ+λme−2iωmtbˆ†+
√
γmbˆin, (14b)
˙ˆd = −(iωd + γd2 )dˆ − iG0aˆ
†aˆ + λde−2iωd tdˆ†+
√
γddˆin. (14c)
5Here, the cavity-field quantum vacuum fluctuation
aˆin(t) satisfies the Markovian correlation functions, i.e.,
〈aˆin(t)aˆ†in(t′)〉 = (n¯ph +1)δ(t−t′) and 〈aˆ†in(t)aˆin(t′)〉 = n¯phδ(t−t′)
with the average thermal photon number n¯ph which is
nearly zero at optical frequencies [83]. We also assume
that the Brownian noises bˆin and dˆin affecting, respec-
tively, the mechanical mode and the Bogoliubov mode
of the BEC (regarded as a formal analog of an MO)
have Markovian behavior which is valid for oscillators
with high quality factors [79, 84]. Their correlation
functions can be written as 〈bˆin(t)bˆ†in(t′)〉 = (n¯m + 1)δ(t − t′),
〈bˆ†in(t)bˆin(t′)〉 = n¯mδ(t−t′), 〈dˆin(t)dˆ†in(t′)〉 = (n¯d +1)δ(t−t′), and
〈dˆ†in(t)dˆin(t′)〉 = n¯mδ(t − t′) where n¯m = [exp(~ωm/kBT ) − 1]−1
and n¯d = [exp(~ωd/kBT ) − 1]−1 are the thermal excitations
of the mechanical and Bogoliubov modes, respectively. It
should be noted that the noise sources are assumed to be
uncorrelated for the different modes of both the matter and
light fields.
The QLEs (14a)-(14c) can be solved analytically by adopt-
ing a linearization procedure in which the operators are ex-
pressed as the sum of their classical mean values and small
fluctuations, i.e., oˆ = o¯ + δoˆ with 〈δoˆ†δoˆ〉/〈oˆ†oˆ〉  1 (o =
a, b, d). The linearized QLEs describing the dynamics of the
quantum fluctuations are given by
δ ˙ˆa=−(i∆¯0+ κ2)δaˆ+ig(δbˆ+δbˆ
†)−iG(δdˆ+δdˆ†)+ √κaˆin, (15a)
δ ˙ˆb=−(iωm+γm2 )δbˆ+ig(δaˆ
†+δaˆ)+λme−2iωmtδbˆ†+
√
γmbˆin, (15b)
δ ˙ˆd =−(iωd + γd2 )δdˆ− iG(δaˆ
†+δaˆ)+λde−2iωd tδdˆ†+
√
γddˆin, (15c)
where g = g0a¯ and G = G0a¯ are the enhanced-optomechanical
coupling strengths of the moving mirror and the Bogoliubov
mode of the BEC to the intracavity field, respectively, and
∆¯0 = ∆0 − 2g0Re(b¯) + 2G0Re(d¯) ≈ ∆0.
From the linearized QLEs (15a)-(15c), one can deduce the
following linearized Hamiltonian in the Schro¨dinger picture
HˆL = ~∆¯0δaˆ†δaˆ + ~ωmδbˆ†δbˆ + ~ωdδdˆ†δdˆ
−~g(δaˆ + δaˆ†)(δbˆ + δbˆ†) + ~G(δaˆ + δaˆ†)(δdˆ + δdˆ†)
+i
~
2
(λmδbˆ†2e−2iωmt − λ∗mδbˆ2e2iωmt)
+i
~
2
(λdδdˆ†2e−2iωd t − λ∗dδdˆ2e2iωd t), (16)
or in the interaction picture
Hˆ (I)L = −~g(δaˆe−i∆¯0t + δaˆ†ei∆¯0t)(δbˆe−iωmt + δbˆ†eiωmt)
+~G(δaˆe−i∆¯0t + δaˆ†ei∆¯0t)(δdˆe−iωd t + δdˆ†eiωd t)
+i
~
2
(λmδbˆ†2 − λ∗mδbˆ2) + i
~
2
(λdδdˆ†2 − λ∗dδdˆ2). (17)
To proceed further, we assume that the frequency of the
Bogoliubov mode of the BEC, ωd, can be matched to the me-
chanical frequency (ωd ≈ ωm) via the atomic collisions fre-
quency ωsw or through the recoil frequency ωR via the driving
laser frequency. Therefore, we restrict ourselves to the red-
detuned regime of cavity optomechanics where ∆0 ≈ ωm ≈
ωd. In this regime and within the RWA where the BEC-cavity
mode as well as the MO-cavity mode couplings are analo-
gous to the beam-splitter interaction, Eqs. (15a)-(15c) can be
rewritten as follows
δ ˙ˆa = − κ
2
δaˆ + igδbˆ − iGδdˆ + √κaˆin, (18a)
δ ˙ˆb = −γm
2
δbˆ + igδaˆ + λmδbˆ† +
√
γmbˆin, (18b)
δ ˙ˆd = −γd
2
δdˆ − iGδaˆ + λdδdˆ† + √γddˆin. (18c)
Now, by defining the quadratures δXˆo = (oˆ + oˆ†)/
√
2 and
δPˆo = (oˆ− oˆ†)/
√
2i (o = a, b, d) we can express the linearized
Eqs. (18a)-(18c) in the compact matrix form as
δ ˙ˆu(t) = A δuˆ(t) + Nˆ(t), (19)
where the vector of continuous-variable fluctuation op-
erators and the corresponding vector of noises are
given by uˆ = (δXˆa, δPˆa, δXˆb, δPˆb, δXˆd, δPˆd)T and
Nˆ = (
√
κXˆina ,
√
κPˆina ,
√
γmXˆinb ,
√
γmPˆinb ,
√
γd Xˆind ,
√
γd Pˆind )
T , re-
spectively. Here, Xˆino = (oˆin+oˆ
†
in)/
√
2 and Pˆino = (oˆin−oˆ†in)/
√
2i
(o = a, b, d). Furthermore, the time-independent drift matrix
A is given by
A=

− κ2 0 0 −g 0 G
0 − κ2 g 0 −G 0
0 −g λm− γm2 0 0 0
g 0 0 −(λm+ γm2 ) 0 0
0 G 0 0 λd − γd2 0−G 0 0 0 0 −(λd + γd2 )

. (20)
In the steady state (κt  1) with the condition κ  γm,d, the
RWA leads to the good-cavity limit, i.e., ωm  κ. The for-
mal solution of Eq. (19) can be obtained by integration. On
the other hand, the symmetric covariance matrix with entries
given by Vi j = 〈uˆi(t)uˆ j(t) + uˆ j(t)uˆi(t)〉/2 fully characterizes
the quantum correlations of the system quadratures whose dy-
namics can be expressed as the following equation
dV
dt
= A V + V AT + D, (21)
where D is the diffusion matrix defined as
Di jδ(t − t′) = 12 〈Nˆi(t)Nˆ j(t
′) + N j(t′)Ni(t)〉. (22)
In the steady state the covariance matrix V solves the Lya-
punov equation
A V + V AT = −D, (23)
with
D=Diag
[ κ
2
,
κ
2
,
γm
2
n′m,
γm
2
n′m,
γd
2
n′d,
γd
2
n′d
]
, (24)
where n′m = 2n¯m + 1 and n′d = 2n¯d + 1.
6IV. QLES IN FOURIER SPACE
The set of differential equations (18) can be solved in
the frequency space by the Fourier transformation, Oˆ(t) =
(1/
√
2pi)
∫ ∞
−∞ dωOˆ(ω)e
−iωt. The solution can be written in the
following form
−iωδaˆ(ω) =−[κ/2+iΣa(ω)]δaˆ(ω)+λ˜a(ω)δaˆ†(ω)+
√
κAˆin(ω),
(25a)
−iωδbˆ(ω) =−[γm/2−iΣb(ω)]δbˆ(ω)+λ˜b(ω)δbˆ†(ω)+√γmBˆin(ω),
(25b)
−iωδdˆ(ω) =−[γd/2+iΣd(ω)]δdˆ(ω)+λ˜d(ω)dˆ†(ω)+√γdDˆin(ω).
(25c)
Here, the self-energies are given by
iΣa(ω) = g2
γm/2 − iω
(γm/2 − iω)2 − |λm|2 + G
2 γd/2 − iω
(γd/2 − iω)2 − |λd |2 ,
(26a)
iΣb(ω) = g2
κ/2 − i(ω − Σs(ω))
[κ/2 − i(ω − Σs(ω))]2 − Λ¯2s(ω)
, (26b)
iΣd(ω) = G2
κ/2 − i(ω − Σm(ω))
[κ/2 − i(ω − Σm(ω))]2 − Λ2m(ω)
, (26c)
with
iΣs(ω) = G2
γd/2 − iω
(γd/2 − iω)2 − |λd |2 , (27a)
iΣm(ω) = g2
γm/2 − iω
(γm/2 − iω)2 − |λm|2 , (27b)
Λ¯s(ω) = λdG2
1
(γd/2 − iω)2 − |λd |2 , (27c)
Λm(ω) = λmg2
1
(γm/2 − iω)2 − |λm|2 . (27d)
The induced frequency-dependent parametric amplification
factors which are analogous to the gain factors in the conven-
tional DPA are given by
λ˜a(ω) =
g2λm
(γm/2 − iω)2 − |λm|2 +
G2λd
(γd/2 − iω)2 − |λd |2 , (28a)
λ˜b(ω) = λm + g2
Λ¯s(ω)
[κ/2 − i(ω − Σs(ω))]2 − Λ¯2s(ω)
, (28b)
λ˜d(ω) = λd + G2
Λm(ω)
[κ/2 − i(ω − Σm(ω))]2 − Λ2m(ω)
, (28c)
and are responsible for the generation of the Casimir photons
or phonons. Moreover, the generalized noise operators are
given by
Aˆin = aˆin + ig
√
γm
κ
γm/2 − iω
(γm/2 − iω)2 − |λm|2
[
bˆin +
λm
γm/2 − iω bˆ
†
in
]
−iG
√
γd
κ
γd/2 − iω
(γd/2 − iω)2 − |λd |2
[
dˆin +
λs
γd/2 − iω dˆ
†
in
]
,(29a)
Bˆin(ω) = bˆin(ω) +
1
g
√
κ
γm
[
iΛ¯b(ω)aˆ
†
in(ω) − Σb(ω)aˆin(ω)
]
− i
gG
√
γd
γm
Σs(ω)
[(
λd
γd/2 − iω Λ¯b(ω) − iΣb(ω)
)
dˆin(ω)(
Λ¯b(ω) − iΣb(ω) λd
γd/2 − iω
)
dˆ†in(ω)
]
, (29b)
Dˆin(ω) = dˆin(ω) +
√
κ
γd
[
Σd(ω)
G
aˆin(ω) − iGΛ¯d(ω)aˆ†in(ω)
]
−Σm(ω)
g
(ω)
√
γm
γd
[
Σd(ω)
G
bˆin(ω) + iGΛ¯d(ω)bˆ
†
in(ω)
]
, (29c)
where Λ¯b(ω) = (λ˜b(ω)−λm)/g2 and Λ¯d(ω) = (λ˜d(ω)−λd)/G2.
As is evident, by turning on the modulation (i.e., λm,d , 0),
the mechanics and the atomic collisions do indeed mediate
a parametric-amplifier-like effective squeezing interaction for
the cavity mode which is also frequency-dependent (see Eq.
(28a)), unlike the case of a conventional DPA. More impor-
tantly, the time modulation of the atomic collisions and para-
metric driving of the MO simultaneously amplify the vacuum
fluctuations of the cavity field resulting in the generation of
the Casimir photons in the coherent regime, which will be
detailed in Sec. V. Furthermore, as we will show, the time
modulation of the atomic collisions (mechanical mode) am-
plifies indirectly the mechanical (atomic) vacuum fluctuations
through the second term in Eq. (28b) (Eq. (28c)) which leads
to the dynamical Casimir emission of the mechanical (Bogoli-
ubov) phonons.
Let us now find the effective damping rates of the phononic
modes of the moving mirror and the BEC. We are interested
in the on-resonance case, ω = 0, where the shifted mechani-
cal frequency is zero and Γm(d)op = −2ImΣb(d)(ω) is maximum.
In the on-resonance case the effective mechanical (atomic)
damping rate Γm(d) can be given by
Γm(d) = γm(d) + Γ
m(d)
op = γm(d)[1 + Cm(d)] , (30)
where Cm(Cd) is the collective optomechanical cooperativity
associated with the moving mirror (Bogoliubov mode),
Cm(d) = C0(1)
1 + C1(0) − ξ2d(m)
(1 + C1(0) − ξ2d(m))2 − ξ2d(m)C21(0)
, (31)
where C0 = 4g2/κγm and C1 = 4G2/κγd are the optome-
chanical and opto-atomic cooperativities, respectively, and
ξd(m) = 2λd(m)/γd(m). Evidently, if ξd(m) → 0 then Cm(d) →
C0(1)/(1 + C1(0)). Both collective cooperativities Cm and Cd
can be controlled by the time modulations of the MO and/or
the BEC as well as through the individual cooperativities C0
and C1.
Based on the Routh-Hurwitz criterion [85] for the optome-
chanical stability condition, the parameters λm and λd should
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FIG. 2. (Color online) A schematic diagram describing different
channels for the generation and amplification of the DCE of photons
and mehchanical and Bogoliubov phonons. The time modulations of
the BEC and the MO establish coherent channels for induced ampli-
fication of the photon vacuum fluctuations resulting in the DCE of
photons. Moreover, the time modulation of the BEC (MO) not only
causes the amplification of the vacuum fluctuations of the Bogoli-
ubov phonons (MO’s phonons), but also provides a coherent channel
to induce a frequency-dependent parametric amplification of the vac-
uum fluctuations of the MO’s phonons (Bogoliubov phonons).
satisfy the condition λm(d) ≤ λmaxm(d) = Γm(d)/2 = γm(d)/2(1 +Cm(d)). The interesting case is the regime with Cm(d) > 1 where
the amplification of generated Casimir photons and phonons
can occur if
γm(d)
2
< λm(d) <
γm(d)
2
[1 + Cm(d)]. (32)
Analogous to the phononic damping rates, the
optomechanically-induced cavity damping rate is de-
fined as κop = −2ImΣa(ω). In the on-resonance case (ω = 0),
κop is given by
κopt = g2
γm
γ2m
4 − |λm|2
+ G2
γd
γ2d
4 − |λd |2
= κ
 C01 − ξ2m + C11 − ξ2d
 := κCa . (33)
Note that if the condition (32) is satisfied then κopt < 0 and
also λ˜a[ω] increases. Consequently, if the optomechanically-
induced cavity damping rate becomes negative, then the effec-
tive cavity damping rate defined by κeff = κ + κopt = κ(1 + Ca)
decreases which leads to the heating of the cavity field.
V. GENERATION OF CASIMIR PHOTONS AND
PHONONS
In this section we are going to explore the possibility of
generating Casimir photons and phonons in the system un-
der consideration through the parametric amplification of the
quantum vacuum in the so-called coherent regime, within the
limit of weak optomechanical coupling (g,G  κ) and the
red-detuned regime of cavity optomechanics. Moreover, it
should be pointed out that although there is no direct paramet-
ric amplification term for the intracavity mode in the Hamilto-
nian of the system [Eq. (16)] but due to the time modulation of
the atomic collisions and the mechanical spring coefficient, a
frequency-dependent amplification [Eq. (28a)] can be induced
to the vacuum fluctuations of the cavity mode which leads to
the coherent and the dissipative terms corresponding to the
real and imaginary parts of Eq. (28a), respectively.
In order to clarify this matter let us remind how in the pre-
vious section we showed that our system resembles a DPA
with an effective frequency-dependent parametric drive (in
spite of an ordinary DPA whose parametric drive is frequency-
independent). It should be noted that in an ordinary DPA
when its parametric drive is real the interaction is called a
coherent interaction. Generally in our system, a frequency-
dependent effective parametric drive like λ˜a[ω] satisfies the
relation (λ˜a[ω])∗ = λ˜∗a[−ω]. However, if λ˜a[ω] satisfies the
relation (λ˜a[ω])∗ = λ˜a[ω] the system behaves like an ordi-
nary DPA in a coherent regime. In this situation, λ˜a[ω] can be
considered as an effective coherent interaction strength whose
real and imaginary parts might lead to the ‘coherent’ and ‘dis-
sipative’ behaviors. In this way, two different regimes can be
distinguished depending on which part is larger than the other.
In the so-called coherent regime where
| Imλ˜a(ω)
Reλ˜a(ω)
|  1 (34)
is satistied, the coherent term is dominant and consequently
the photon generation via the DCE can be achieved. Other-
wise, the dissipative term is dominant and the photon genera-
tion via the DCE can not be amplified. The relation (34) can
be satisfied in the largely different coupling rates regime with
nonzero modulation such that ξm(d) > 1.
Regarding to the two phononic subsystems, i.e., the Bo-
goliubov and the MO modes, Eqs. (28b) and (28c) show that
in addition to the direct amplification of the phonon vacuum
fluctuations of each subsystem due to its time modulation (the
first term), there is an induced amplification (the second term)
arising from the time modulation of the other subsystem in-
dicating that there exist two channels for generation of the
Casimir phonons of the BEC and the mechanical modes [see
Fig. (2)]. In the following, we discuss the DCE in the sys-
tem under consideration for three different situations of time
modulation.
A. Mechanical modulation in the absence of BEC
In Fig. (3), the steady-state mean number of generated
Casimir photons and mechanical-type Casimir phonons in the
absence of the BEC (G0 = λd = γd = 0) have been plotted ver-
sus ξm/ξmaxm for a large value of cooperativity in the weak cou-
pling regime. As the effective parameter ξm increases (due to
the increase of modulation amplitude) to its maximum value
1 + Cm (in this case Cm = C0  1) the mean numbers of
the generated Casimir photons and phonons asymptotically
increase. However, in order to generate considerable num-
ber of Casimir photons, much more values of ξm is needed
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FIG. 3. (Color online) (a) steady-state mean number of gener-
ated Casimir photons and (b) mechanical-type Casimir phonons vs
ξm/ξ
max
m in the absence of the BEC. The red solid and black dashed
lines correspond, respectively, to g/κ = 0.05, C0 = 100 and g/κ =
0.25, C0 = 2500. Here, we set κ/γm = 104.
in comparison with that needed for mechanical-type Casimir
phonons generation. On the other hand, by increasing the op-
tomechanical coupling strength between the MO and the cav-
ity field, which is equivalent to increasing the cooperativity,
more number of Casimir photons and phonons can be gener-
ated at smaller values of ξm. Moreover, the ratio of the damp-
ing rates, κ/γm, can only affect the time period over which the
system reaches to the steady state without any significant ef-
fect on the mean number of the generated Casimir particles at
the steady state. It should be mentioned that for the parameter
values given in Fig. (3), the mechanical and optical vacuum
fluctuations start to be amplified for ξm/ξmaxm ≥ 0.5 and 0.9,
respectively.
B. Modulating atomic collisions without MO modulation
In Fig. (4) the mean number of the generated Casimir
photons and mechanical/Bogoliubov-type phonons have been
plotted versus ξd/ξmaxd in the weak coupling regime (g,G  κ)
and in the absence of mechanical modulation (ξm = 0). As
shown in Fig. (4a), in the regime of equal optomechanical
coupling strengths of the MO and the BEC with the cavity
mode, g = G, the steady-state mean number of the generated
Casimir photons is negligibly small over the entire range of
ξd/ξ
max
d which means that equal couplings is corresponding to
the dissipative regime for the intracavity field. However, the
mean number of the generated mechanical/Bogoliubov-type
Casimir phonons is considerably increased for ξd/ξmaxd > 0.8
and grows up asymptotically as ξd reaches to its maximum
value.
On the other hand, as shown in Fig. (4b), in the regime of
largely different optomechanical coupling strengths (|g−G| 
g) which is equivalent to the regime of largely different coop-
erativities, Casimir photons as well as Casimir phonons can
be generated considerably by increasing the atomic collisions
modulation parameter ξd which means that this regime corre-
sponds to the coherent regime for the intracavity light field.
Therefore, by controlling the modulation rate of atomic col-
lisions one can control the number of Casimir photons and
phonons. Furthermore, our numerical calculations show that
by increasing the difference between the optomechanical cou-
pling rates g and G both the photonic and phononic DCEs are
strengthened. Moreover, increasing the coupling rates g and
G leads to the increase of Bogoliubov- and mechanical-type
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FIG. 4. (Color online) Steady-state mean number of the generated
Casimir photons and phonons vs ξd/ξmaxd when mechanical mod-
ulation is zero (ξm = 0) for the cases of (a) equal optomechan-
ical coupling strengths g = G = 0.05κ and (b) largely different
optomechanical coupling strength G = 20g = 0.1κ. The dashed
black, solid red, and dotted blue lines correspond, respectively,
to the Bogoliubov-type Casimir phonons, mechanical-type Casimir
phonons, and Casimir photons. Here, we have set γm = γd = 10−3κ.
Casimir phonons, respectively.
Let us illustrate why in our system the strong amplification
of vacuum fluctuations is occurred in the regime of largely dif-
ferent optomechanical coupling strengths (specially for pho-
tons). Recently, it has been shown [86, 87] that in the absence
of parametric modulation, the dynamics of an optomechani-
cal system with two mechanical modes is governed by the ef-
fective linearized Hamiltonian Hˆeff/~ = ∆0δaˆ†δaˆ + G(Bˆδaˆ† +
Bˆ†δaˆ) where Bˆ = (gδbˆ − Gδdˆ)/G denotes a collective mode
and G = √G2 − g2 describes the rate of excitation exchange
between the collective mode Bˆ and the cavity field which leads
to the cooling of the collective mode. The collective mode Bˆ
can approach its vacuum state corresponding to a two-mode
squeezed state of the two mechanical modes. In our sys-
tem the Bogoliubov mode of BEC plays formally the role
of a second mechanical oscillator mode and the two oscilla-
tors (MO and BEC) are driven parametrically. However, as
has been shown in Ref. [88] , by a suitable unitary transfor-
mation our system Hamiltonian can be transformed into an
ordinary optomechanical one without any parametric modula-
tion (similar to the above-mentioned Hamiltonian). Therefore,
we can also construct a similar collective mode Bˆ out of the
atomic and the mechanical modes. Note that, in general, one
can consider the collective mode as a Bogoliubov-transformed
mode Bˆ = δbˆ cosh r − δdˆ sinh r with the squeezing parameter
r = tanh−1(g/G). Therefore, the ratio g/G determines how
much the vacuum of the collective mode is squeezed or am-
plified. In particular, the vacuum of the collective mode in the
limit of equal optomechanical coupling strengths (g/G → 1)
corresponds to a maximally squeezed or amplified state. How-
ever, in this limit the collective mode is decoupled from the
optical mode (because G → 0), and thus the Casimir pho-
tons can no longer be amplified. That is why in our system
the Casimir photons are strongly generated in the regime of
largely different optomechanical coupling strengths (or equiv-
alently, largely different cooperativities) where the collective
mode Bˆ interacts with the optical mode effectively.
In order to see more clearly the effects of the two regimes
of equal and largely different optomechanical couplings on the
steady-state mean numbers of generated Casimir photons and
phonons, we have plotted the number of phonons [Fig. (5a) for
mechanical-type and Fig. (5b) for Bogoliubov-type phonons]
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FIG. 5. (Color online) Comparison between the steady-state mean numbers of generated Casimir particles in the two regimes of equal
optomechanical couplings g = G = 0.05κ (blue dashed line) and largely different one G = 250g = 0.25κ (gray solid line) in the absence of the
time modulation of the MO (ξm = 0): (a) mean number of generated mechanical-type Casimir phonons, (b) mean number of Bogoliubov-type
Casimir phonons, and (c) mean number of intracavity Casimir photons vs ξd/ξmaxd . Here, we have set γm/κ = γd/κ = 10
−4.
and the number of photons [Fig. 5(c)] versus ξd/ξmaxd for the
two mentioned regimes. As is seen in Fig. (5c), the num-
ber of generated Casimir photons in the regime of largely dif-
ferent couplings is always larger than that in the equal cou-
pling strength regime which is acceptable based on the collec-
tive mode interpretation mentioned in the previous paragraph.
Also, as the difference between the two couplings increases,
the coherent channels or coherent regime for the intracavity
light field is dominant. Consequently, we can conclude that
the increases of the difference between coupling rates and of
the amplitude of modulation of the atomic collision frequency
are the only two important factors to amplify the generation
of the Casimir photons.
On the other hand, the behavior of the generated phonons
are somehow different from that of photons. As is seen from
Figs. (5b) and (5c), for the mechanical/Bogoliubov mode
there exists a critical value of ξd so that the behavior of the
generated Bogoliubov or mechanical-type Casimir phonons
are different below and above it. Figure (5b) shows that be-
low the critical value the number of Bogoliubov phonons in
the regime of largely different optomechanical couplings is
larger than that in the regime of equal couplings while the
situation is reversed above the critical value. It can be in-
terpreted using collective phononic mode in terms of G which
means that there is an optimum value of G/g or ξd,m to achieve
the maximum number of generated phonons. However, as is
seen from Fig. (5a), the behavior of the generated mechanical-
type Casimir phonons is reverse in comparison with that of the
Bogoliubov-type Casimir phonons. It is because of the fact
that here the mechanical modulation is off (ξm = 0) while the
atomic modulation which drives the Bogoliubov mode is on
(ξd , 0).
Note that in the absence of the MO modulation, the mean
number of generated Casimir photons and phonons can be
controlled by the effective modulation of the atomic collisions
frequency (ξd) and also the difference between the coupling
rates of the cavity light field to the BEC and the MO. It should
be mentioned that the same results can be obtained for the
case without BEC modulation when only the MO modulation
is present since the Bogoliubov mode in the BEC plays for-
mally the role of a second MO mode.
C. Simultaneous modulation of both the MO and atomic
collisions
Figure (6) shows the steady-state mean number of gen-
erated Casimir phonons and photons versus ξd/ξmaxd in the
weak coupling regime and in the presence of both the BEC
and MO modulations. As is expected, in the equal optome-
chanical couplings regime, the Casimir photons cannot be
generated [Fig. (6c)] while a considerable number of the
mechanical/Bogoliubov-type Casimir phonons are generated
and increased by increasing ξd [Figs. (6a) and (6b)]. As is ev-
ident from Fig. (6) by turning on the MO modulation the mean
number of generated photons and phonons increase for each
value of ξd. A similar interpretation like that was explained in
the previous subsection is valid here in the presence of both
modulations of the atomic collisions frequency and the me-
chanical spring coefficient.
Since λm depends on the modulation amplitude of the MO
while λd depends both on the modulation amplitude of the
BEC and on the atomic collisions frequency ωsw, the mean
number of generated Casimir photons and phonons can be
controlled externally not only through the modulation param-
eters but also through the atomic collisions frequency which
itself is experimentally controllable by the transverse trapping
frequency ω⊥. Also, through the input power laser and in-
trinsic coupling rates, one can control the regime correspond-
ing to the generation of the Casimir particles, e.g., coherent
regime for the photonic and phononic subsystems. Therefore,
in contrast to other DCE proposals for photons or phonons
[11], our system is more controllable. Moreover, similar to
the previous subsection, the same results can be obtained by
exchanging the roles of the BEC and MO modulations.
On the other hand, it has recently been shown [89] that
the coherent generation and annihilation of photons, which
are respectively corresponding to the DCE and anti-DCE in
the quantum Rabi model with time-modulated atomic fre-
quency in the dispersive, moderate coupling and weak mod-
ulation regimes [26, 90], leads to the positive and negative
quantum work extraction in the context of quantum thermo-
dynamics. Also, it has been shown that a realistic out-of-
equilibrium finite-time protocol harnessing anti-DCE allows
for work extraction. The effect of the photon creation in our
system can be attributed to the exchange of energy between
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FIG. 6. (Color online) steady-state mean number of generated Casimir radiations vs ξd/ξmaxd in equal couplings regime corresponding to
g = G = 0.05κ (red thick and blue dashed lines) and largely different couplings regime corresponding to G = 50g = 0.05κ (black thin and
green dotted lines) for two values of the mechanical parametric modulation ξm = 0 (black thin and blue dashed lines) and ξm = 0.2 (red thick
and green dotted lines). (a) mechanical-type Casimir phonons, (b) Bogoliubov-type Casimir phonons, and (c) Casimir photons. Here, we set
γm = γd = 10−4κ.
the external modulation of the BEC/MO and the quantum vac-
uum fluctuations of the photonic and phononic subsystems
through the coherent channels. If the energy is transferred to
the quantum vacuum fluctuations, Casimir pair particles are
created. Therefore, based on Ref. [89], one can conclude
that the positive quantum work in our system can be extracted
and externally controlled by the modulation parameters of the
atomic collisions frequency and the mechanical spring coeffi-
cient which open a new way to the quantum thermodynamics
of the DCE physics.
VI. SUMMARY AND OUTLOOKS
In summary, we have theoretically proposed and inves-
tigated a feasible experimental scheme to realize the DCE
of phonons and photons in a hybrid optomechanical cavity
with a moving end mirror containing an interacting cigar-
shaped BEC. It is shown that by coherent modulation of the
s-wave scattering frequency of the BEC and of the mechan-
ical spring coefficient of the moving mirror, the mechanical
and atomic vacuum fluctuations are parametrically amplified
which consequently lead to the generation of the mechanical-
and Bogoliubov-type Casimir phonons. Also, in the regime of
largely different optomechanical couplings, the quantum vac-
uum fluctuations of the intracavity field are indirectly ampli-
fied via the coherent channels by the MO and BEC which lead
to the generation of cansiderable number of Casimir photons
in comparison to the conventional DCE proposals.
One of the important advantages of the present scheme in
comparison to the other proposals is its controllability. As
was shown, the mean number of generated Casimir photons
and phonons can be controlled externally not only through the
modulation parameters but also through the atomic collisions
frequency of the BEC which itself is experimentally control-
lable by the transverse trapping frequency.
As some interesting outlooks of the present work, one can
investigate the possibility of the perfect quadrature squeezing
or quadrature amplification of the MO/BEC or cavity output.
Moreover, it seems that in the system under consideration due
to the generation of the Casimir photons and phonons one can
require the condition for simultaneously backaction noise sup-
pression and signal amplification in order to perform single
quadrature force sensing in both on- and off-resonance fre-
quency by controlling the atomic collisions frequency. Fur-
thermore, one can look for the condition under which the cav-
ity spectral photon function becomes negative while the sys-
tem is stable, which leads to identifying an externally control-
lable negative effective temperature for photons that can be
responsible for the modified optomechanically induced trans-
parency (OMIT). Finally, it seems that our proposed scheme
has the potential to generate robust entanglement between the
MO mode and the Bogoliubov mode of the BEC which plays
formally the role of a second MO mode. We hope to report on
these issues in the near future.
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